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Abstract 
Classifying the nets (also called unfoldings or developments or patterns) of the regular convex 
polytopes under the isometry group of the polytope is equivalent to classifying the spanning trees 
of the facet-adjacency graph under its automorphism group. This is done for all such polytopes 
of dimension at most 4. (~) 1998 Elsevier Science B.V. All rights reserved 
I. Introduction 
A general theory of unfoldings of polytopes was elaborated in [3]. For convex poly- 
hedra in dimension 3, the notion of unfolding (also called planar net or development 
or pattern) is familiar from elementary geometry. Consider a cardboard model of the 
surface of a polyhedron. A net of the polyhedron is formed by cutting along cer- 
tain edges and unfolding the resulting connected set to lie flat. Various mathematical 
aspects of nets are discussed in [1]. Besides, several textbooks display drawings of the 
2 nonequivalent unfoldings of the regular tetrahedron and of the 11 unfoldings of the 
cube. One sees by inspection that all these unfoldings can be drawn in the plane with- 
out 'overlapping'. On the contrary, the example in Fig. 1 due to G. Valette and given 
in [3], shows that some non regular convex polyhedra dmit overlapping unfoldings. 
For the 43.380 unfoldings of the dodecahedron a d of the icosahedron [4,11], the 
question of overlapping is open. We conjecture that overlapping cannot occur for reg- 
ular convex polyhedra. 
When unfolding 3-dimensional regular convex polyhedra, two facts are important: 
• Each unfolding is uniquely determined by a spanning tree of the 1-skeleton of the 
polyhedron, i.e. the edges which are cut form a spanning tree of the vertices-edges 
graph. 
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Fig. 1. 
Z 
• dual polyhedra dmit the same number of nonequivalent unfoldings. 
This is no longer the case in dimension ~>4. Dual regular convex polytopes in 
dimension 4 do not admit the same number of nonequivalent unfoldings in dimension 
3, and each unfolding is determined by a spanning-tree of the cells-faces graph. 
In fact, for regular convex polytopes in any dimension, it is known from [3, 
Theorem 4.3.5] that 
- -  an unfolding is uniquely determined by a spanning tree of the facet-adjacency 
graph of the polytope (each edge of the spanning tree corresponds to a pair of 
facets which remain adjacent in the unfolding) 
- -  if one admits overlapping, classifying the unfoldings under the isometry group of 
the polytope is equivalent to classifying the spanning trees of the facet-adjacency 
graph under its automorphism group. 
The purpose of this paper is to determine the number of nonequivalent unfoldings 
(disregarding overlapping) of the regular convex polytopes of dimension 4. This number 
was obtained by other methods for the hypercube [12]. 
2.  Def in i t ions  and  notat ion  
2.1. Graphs and multi#raphs 
We will use the following terminology. 
A multigraph is a pair M = (V,E) consisting of a set V of elements called vertices 
and a set E of elements called edges, together with an incidence relation associating 
to each edge a 2-subset of V. 
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A graph is a multigraph such that at most one edge is associated to a given 2-subset 
of V. If M is a graph, the edge associated to the pair of vertices {a, b} will be denoted 
by lab]. 
The adjacency matrix of a multigraph M = (V,E) is a square matrix A whose rows 
and columns are indexed by the vertices of M and whose entries are given by Aij = k 
provided there are k edges incident to the vertices i and j. 
2.2. Regular convex polytopes 
For standard results on polytopes and their groups of automorphisms we refer the 
reader to [9]. 
Let/5 be a regular convex polytope. The adjacency graph of its facets (usually called 
cells in dimension 4) is isomorphic to the vertex-edge graph (the 1-skeleton) of  the 
dual polytope P. For a matter of  conveniency, we deal with the 1-skeleton of P. 
We use the following notation: 
• F for the 1-skeleton of P; 
• G for the automorphism group of F (G =AutP= Aut/5); 
• ,~- for the set of spanning trees of  F; 
• For 9EG, we set 3-~g={TEYlgT=T};  
• Fix g is the subgraph of F on which g acts as the identity. If g has no fixed point, 
we write Fix g = 0; 
• For any set S, we denote by ISI the number of elements in S. We denote by IFixgl 
the number of vertices in Fix g; 
• We set Z(g)= 1~1. In particular z(identity)= 15-1; 
• u(F) is the number of orbits of G in J - ;  
• (gl . . . . .  gk) is the subgroup generated by the elements gl . . . . .  gk of G; 
• For any graph or multigraph M, we denote by Y (M)  the set of  spanning trees 
of M; 
• C.q is the conjugacy class of g in G. 
2.3. The distance-distribution diagram [5, p. 436] 
Let P be a regular convex polytope of center o in dimension 3 or 4. We choose 
one vertex x of  P and define an equivalence relation ,-~ on the set of vertices by 
y ~ z iff ,~(ox, oy)-- ,~(ox, oz) where < denotes the angle between two vectors in 
euclidean space. Let d be the associated partition. The distance-distribution diagram 
of P consists of  a number of balloons, one for each element A E s¢, and a number 
of lines lAB----lBA joining the two balloons A and B whenever there are edges be- 
tween vertices belonging to A and to B. The diagram is provided with numbers as 
follows: 
• in the balloon A we write IAI 
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• if any vertex in A is adjacent o eAa vertices in B, we write the number eAB at the 
A-end of IAS 
• the number eAA is written next to the balloon A, in a smaller balloon. 
Example. The 3-dimensional octahedron has the following 
diagram: 
distance-distribution 
Sometimes we will speak of the level of a balloon. The balloon containing the only 
element x is at level 0. Other levels are labelled in increasing order of the angle 
with ox. 
3. General results 
Our aim is to compute u(F) for each regular 4-dimensional convex polytope. We 
achieve this as follows. 
3.1. Proposition (Burnside [7, Section 118]). 
1 
u(r) = z(g) .  
gcG 
As we already noticed, X (identity)= [3-[. Moreover, if gl and 02 are conjugate 
elements of G, then z(gl ) = Z(92). We will show that x(g) = 0 for most g C G. For the 
remaining ones, we obtain z(g) -- I~1 by means of Propositions 4.2.4 and 4.3.1. This 
leads us to compute the number of spanning trees in certain graphs or multigraphs. 
Hereafter we recall the necessary known results. 
3.1. The number of spanning trees 
Various formulae are known which give the number of spanning trees (also called 
the complexity of the graph) for certain graphs or multigraphs. We will use two of 
them. 
The matrix of admittance of a multigraph. Let A denote the adjacency matrix of 
a graph or multigraph M without loops. Let D be the diagonal matrix such that Du is 
the degree of the vertex i. The matrix C =D-  A is called the admittance matrix or 
Laplacian of M. 
3.2.1. Proposition (Kirchhoff's Matrix-Tree Theorem, Cvetkovic et al. [10, p. 38]). 
Let M be any graph or multigraph without loops and C be its matrix of admittance. 
Then lY(M)I is equal to the absolute value of any principal minor of C. 
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The spectra of a regular 9raph. Let M be a graph without loops. The spectrum 
SpecM of M is the spectrum of its adjacency matrix A. 
3.2.2. Proposition (Biggs [2, p. 36] and Cvetkovic et al. [10, p. 39]). Let M be 
a regular 9raph of deyree k on n vertices. Then 
Spec M = , 
1 m 1 ms 
where the upper line displays the eigenvalues of A and the lower line their multiplic- 
ities. Moreover 
1 
s 
I y-(M)I  = I - [  (k  - i~i) mi 
n 
i=1 
3.3. The spectra and complexities of the convex regular polytopes 
3.3.1. The hypertetrahedron with n vertices 
The corresponding graph F is the complete graph on n vertices, its spectrum is [10, 
p. 72] 
Spec F = . 
1 n-1  
Thus 
I,~- I = n n-2.  
This is Cayley's formula [2, p. 35; 10, p. 217]. 
3.3.2. The hyperoctahedron with 2m vertices [10, p. 217] 
lY-I = 22m-2(  m - -  1 )mmm-2. 
In particular, for m=3, [J-I =8 x48 and for m=4, lY-I =216 x 384. 
3.3.3. The hypercube in dimension d [10, p. 218] 
d 
In particular, for d=3,  IJ-I =8 × 48 and for d=4,  [J-[ =219. 3 4. 
3.3.4. The dodecahedron [10, p. 308] 
SpecF=(  31 x/53 -x/5 13  5 -24 40) 
19- I = 120 × 43.200. 
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3.3.5. The icosahedron [10, p. 310] 
F= (5  v~ -~ -1 
Spec \ 1 3 3 5 
lYl = 120 x 43.200. 
3.3.6. The 24-cell [6] 
F= (8  4 0 -2 -4  
Spec \ 1 4 9 8 2 J 
]J-] = 244 . 3.58. 
3.3. 7. The 600-cell [6] 
SpecF=(  1213(1-4-x/5)42(1+x/~)9 - t -30  16 25 -2 )  36 
I~- I  = 2127.380 . 524 . 736. 
3.3.8. The 120-cell [6] 
Let c~,/~, 7 be the real roots of x 3 - x 2 - 7x + 4,/~, r/, a the roots of x 3 - x 2 - 7x + 8 
and r = ½(1 + v/5) 
SpecF= (41 ~,/~,725 #,q, a36 ½(3 + v~)  16 
½(5+<3) 1 o -1 
9 40 18 8 
13-] =2188 . 3102.520 . 736 . 1148 . 2348 . 2930. 
3.4. The hypertetrahedron 
½(-1 + v~)  - I  + v~ 
16 48 
-2  -3~+2 3r -  1 -t-x/-5 
8 4 4 24 
1-z  z -2  -1 -z  
24 24 30 
T 
24 
) 
This polytope is self-dual, its 1-skeleton is the complete graph on 5 vertices. So G 
is the symmetric group Sym(5). It is easy to compute formula 3.1 by hand. We give 
hereafter one element 9 in each conjugacy class of Sym(5),Z(g) and the number of 
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elements in the conjugacy class Cg. 
zg)  (12) (g  9 (12)(34)5 (123)2 (123)(45)0 (1234)1 (12345)0 
Cg 10 15 20 20 30 24 
Hence u(F) = 3. 
From now on, we will only consider polytopes different from the hypertetrahedron. 
An important consequence of this is that all polytopes considered hereafter admit a cen- 
tral symmetry in their group of automorphisms. The image of a vertex  by this central 
symmetry is called the antipodal of x and is denoted by ~. This implies in particular 
that Fix g is never reduced to a single vertex. 
3.5. Lemma. (a) I f  TEYq  and Fixg¢0,  then Fixg is connected and TMFixg is 
a spanning tree of Fix g. 
(b) I f  T C J q and T contains more than one invariant edge, then all these invariant 
edges are in Fix g. 
Proof. (a) Let a, b be two vertices in Fix g. There is a unique path from a to b in T, 
hence it is entirely in Fix g. 
(b) Assume that two edges of T are invariant by g. They are either of the form 
[ab] and [bc] in which case a, b, c are in Fix g, or they are of the form [ab] and [cd]. 
But the path connecting them in T is unique, thus fixed by g and again a, b, c, d are 
in Fix g. [] 
3.6. Lemma. Let the order of g be a multiple of d. I f  J q, = 0 for all g' of order d, 
then ~ = O. 
Proof. Suppose T E ~.  Then T is invariant by (g}, in particular by any power of g 
which is of order d. Hence a contradiction. [] 
3.7. Lemma. I f  g & of order pl Pz where Pl and p2 are distinct primes, if Fix g = 0 
and if g has at least one orbit of length Pl and one orbit of length P2, then Y q = O. 
Proof. Let us denote by A,B and C the union of g-orbits of lengths Pl, P2 and Pip2 
respectively and assume T E ~g. By assumption A U B U C = V, the vertex-set of F. 
If T contains an edge [ab] with a C A and b C B, the action of (g/ on lab] generates 
a circuit, hence a contradiction. 
Consider now xEA at distance 1 of C and yEB.  There is a unique path in T 
from x to y. We may assume, without loss of generality, that this path is of the form 
[aoco~odobo], where x=ao EA, co,do C C, bo EB and C~o is a path entirely contained 
in C. This includes the case where do = co and C~o is a trivial path reduced to a vertex. 
It is easy to check that the action of (g} on such a path generates a circuit. Indeed, 
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let us write vi =gi (v0)  where Vo E {ao, bo, co, do}. An example of a circuit is the one 
going through the vertices aocodobodp2cp2ap2modp, Cp2+p ~ dp2+p , bp~ dp~ cp, ao. [] 
3.8. The Coxeter diagram of a polytope 
3.8.1. Definitions. For standard results on Coxeter diagrams we refer the reader to [5]. 
We recall hereafter the main definitions. 
A Coxeter matrix is a symmetric matrix M whose rows and columns are indexed 
by a finite set R and whose entries are positive integers, such that 
mii : 1 for all i E R, 
mij ~>2 for all i~j. 
The Coxeter diagram associated to M is a multigraph whose vertices are the ele- 
ments of R and the number of edges between two vertices i and j is equal to mij - 2. 
The Coxeter group W(M)  is the group presented by W(M) = (ri, i E R I such that 
(rir j) m4 : 1 for all i, j ER .  
Example. 
M= (i 32) 1 4 
4 1 
Coxeter diagram: 
0 ~- -~ 
r~ r~ r s 
The group W(M) is the automorphism group of the octahedron. 
In Appendix A we list the Coxeter diagrams corresponding to the regular convex 
polyhedra (R = { 1,2, 3 }) and the 4-dimensional regular polytopes (R = { 1,2, 3, 4}). For 
convenience, we indicate on the diagram the number v of vertices (elements of type 
1), the number e of edges (elements of type 2), the number f of faces (elements of 
type 3) and the number c of cells (elements of type 4) 
Each generator ri of W(M) is a reflection with respect o an element of type i. The 
diagram obtained by suppressing one vertex in a Coxeter diagram is still a Coxeter 
diagram. In the case where the suppressed vertex is of type 1, the resulting Coxeter 
diagram will be called the vertex-figure of the suppressed element. In particular, if 
P is a 4-dimensional polytope, the vertex-figure of a vertex x, denoted by Px, is the 
polyhedron corresponding to the diagram 
O O rz % % 
with automorphism group (r2, r3, r4). 
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3.8.2. Lemma. I f  T E J-g and T conta&s an invariant edge then g E (rl, r3, r4). 
Proof. I f  g stabilizes an edge, it operates on the Coxeter diagram 
c ~ ~ o 
el r~ r~ 
and it is known from the general theory that the corresponding Coxeter group is 
(rl,r3,r4). [] 
3.8.3. Lemma. I f  P is not the hypertetrahedron, Fix g ¢ 0 and ~-g ¢ 0 then 
(a) g fixes some vertex and at least two edges on it. 
(b) gE (r3,r4). 
Proof. (a) If x E Fix g, then the antipodal vertex ~ also belongs to Fix g. Let T E ,~0- 
By Lemma 3.5, T M Fix g is a spanning tree so it contains a unique path from x to ~. 
Since the distance from x to ~ is at least 2, g fixes two edges [xy] and [yz] hence y 
is a fixed vertex and there are at least two fixed edges on it. 
(b) Since g fixes x, it operates on the vertex-figure Px, which is a polyhedron 
corresponding to the Coxeter diagram 
with automorphism group (r2,r3,r4). Now by (a), g also preserves an edge [xy], hence 
g fixes a vertex y in the polyhedron Px, and thus g operates on the polygon corre- 
sponding to the Coxeter diagram 
with automorphism group (r3,r4). [] 
4. The quotient graph Q(F, g) 
4.1. Definition. Let g E AutF be of prime order p. 
(a) We first define the set U of vertices of Q(F, g). Let V be the set of vertices 
of F. Let t] be the set of orbits of length p of g in V. If Fix g ~ 0, we write Fix g = x. 
We set 
{ U=f2  if F ixg=0,  
U=QU{x} if F ixg¢0.  
We denote by 0v the orbit of v E V and by n the natural projection 
V - - *u[V- - *0v  i fv~F ixg ,  7~" 
I v--*x if vEFixg. 
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(b) To define the set of edges of Q(F,g) we consider the set E of edges of F and 
the subset E p of E of those edges [ab] such that na~nb.  All orbits of g in U are of 
length p. The set ~,~ of these orbits is the edges-set of the multigraph Q(F,g). 
(c) The projection n induces a map 
: E' ---* ~ : [ab] --~ [ha, nb]. 
We set E=(n ,  ff) : U=(V,U)  ~ Q(F ,o )=(u ,~) .  
4.2. The case g of  prime order and Fix g ~ 0 
Any T E ~q can be written in a unique way as a union T =/'1 U T2, where /'1 is the 
restriction of T to Fixg and no edge of/ '2 belongs to T1. By Lemma 3.5, we know 
that /'1 E Y(Fix g). 
4.2.1. Lemma. With the above notation, 
T2 C r I = ( V,E I) 
and so ~ & defined on 1"2 
Proof. Suppose T2 contains an edge [ab] such that na = nb. By definition of T2, a 
and b are not in Fix g, hence a and b belong to the same g-orbit. 
I f  g is of prime order p > 2, the action of (g) on [ab] generates a circuit of length 
p, hence a contradiction. If g is of order 2, T would contain the invariant edge [ab] 
in addition to the spanning tree in Fixg. This contradicts Lemma 3.5. [] 
4.2.2. Lemma. ~(T2) is a spanning tree o f  Q(F,g). 
Proof. Let IV [=n=f+mp,  where f is the number of vertices in Fixg. Then 
]U I =m+ 1 and T contains n - 1 edges. 
We first prove that ~(T2) contains m edges. The restriction of T to Fix g contains 
f -  1 edges, and so /'2 contains n -  1 - ( f -  1 )= n -  f = mp edges, which project 
onto m edges. 
We now prove that ~(T2) contains no circuit. 
Assume the contrary and choose a vertex na on the circuit such that ga ~ a. Then 
the circuit lifts to a path in T2 from a to gka. But the action of (g) on such a path 
generates a circuit. 
Hence a contradiction. [] 
4.2.3. Lemma. Let T IEY(F ixg)  and T' E J - (Q(F,g)) .  Then T = T1u~- l (T ' )E  
~-(r). 
Proof. Clearly ~- l (T ' )  contains no circuit. Besides, T~ contains f -  1 edges, T ~ con- 
tains m edges, thus T contains n -  1 edges. [] 
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As a consequence of these three lemmas, we obtain 
4.2.4. Proposition. Let g E Ant F be of prime order p and let Fix g ¢ 0. Then 
I,Y--q] = ]Y(Fixg)l x I~(Q(F,g))[ .  
4.3. The case g of order 2 and Fix g=O 
4.3.1. Proposition. I f  g is of order 2 with Fix g = 0 then 
= IJ-(Q(F,g))I × offg), 
where et(g) is the number of g-invariant edges in F. 
Proof. Since the number of vertices in F is even, any T E ~ contains an odd number 
of edges, hence by Lemma 3.5, it contains exactly one invariant edge [ab]. It is then 
clear that T is the union of [ab] and of two disjoint subtrees T' and T" permuted by 
g. The argument used in Lemmas 4.2 and 4.3 shows that ~(T I U T") is a spanning tree 
of Q(F,g) and that, conversely, the inverse image of any spanning tree of Q(F,g) is 
a union of two disjoint trees T ~ and gT ~. If [ab] is any edge of F invariant by g, the 
union of T', gT' and [ab] is a spanning tree of F. [] 
4.4. The orbit diagram 
When needed, the quotient graph Q(F,g) will be given either by its admittance 
matrix or by an orbit-diagram, for which we will use the following convention: 
• a fixed vertex is indicated by a point; 
• an orbit of length p > 1 is represented by a rectangle; 
• an edge between a point x and a rectangle A indicates that F contains an edge 
between x and each vertex of the orbit A; 
• an edge with weight k between two rectangles indicates that each vertex in one orbit 
is adjacent in F to k vertices in the other orbit; 
• if the weight is 1 it is omitted. 
5. Case by case study 
The notations are those defined in Section 2. In particular, for each convex regular 
polytope /5, we consider F, the 1-skeleton of the dual polytope P. Properties of the 
group G = Aut(F)= Aut(/5) = Aut(P) will be deduced from the Coxeter diagram and 
from the distance-distribution diagram of P. 
5.1. The hypercube 
The dual polytope P is the hyperoctahedron with 8 vertices, 24 edges, 32 faces and 
16 cells, so any spanning tree of F contains 7 edges. Besides IGI =27" 3. 
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5.1.1. Lemma. Let gEG and J-o¢O. Then g is of order 2 or 4. 
Proof. (a) Suppose g is of order 3. Then Fix g ¢ 0, hence by Lemma 3.8.3, g E (r3, r4), 
which is the group D8 of the square, a contradiction. Thus by Lemma 3.6, ~ ¢ 
implies that the order of g is a power of 2. 
(b) Then, any T E ~ must contain an invariant edge, and by Lemma 3.8.2, g C 
(rl,r3,r4) and so g must be of order 2 or 4. [] 
5.1.2. Lemma. All elements g of order 4 with Fixg•0 and ~--o~O are conjugate. I f  
9 is such an element, then [Col = 12 and z(g)= 16. 
Proof. By Lemma 3.8.3, (g) fixes an edge and so it is conjugate to a subgroup of 
(r3, r4)=D8. This group contains a unique cyclic subgroup of order 4, hence all pos- 
sible g are conjugate. 
Next, if g fixes an edge [xy] it also fixes its antipodal [~yy] and the union of these is 
a square, which actually is Fix g. There are 6 such squares, hence the conjugacy class 
of (g) has 6 elements and [Co[ = 12. 
Finally, to obtain Zo we repeat he reasoning which led to Proposition 4.2.4. Being 
a quadrangle, Fix g contains 4 spanning trees. Let u be a vertex not in {x,~, y,y}. Each 
of the 4 edges [ux], [u~], [uy] and [u-y] generates, under the action of 9, a set of 4 
edges which, together with a spanning tree in Fix 9, form a spanning tree of F. Hence 
X(g)=4x4.  [] 
5.1.3. Lemma. All elements g of order 4 with F ixg=0 and ~--0¢~, are conjugate. 
I f  g is such an element, then ]Cg] =24 and g(g)=8. 
Proof. Let T E ~.  By Lemma 3.5, T contains exactly one invariant edge, say [xy]. 
Because of the central symmetry in G, the vertices ~ and -y are also permuted by g, 
so g may be written (xy)(Tyy)(wzWg). All such g are conjugate. 
It is easy to see that If01--- 41-(8 × 6) × 2--48. 
Let us denote by A = {x,y},B= {~,-y} and C = {w,z,~,~} the orbits of g. The tree 
T contains either the edge [xy] or the edge [T-fly] (2 choices), two edges between A and 
B (1 choice) and four edges between either A and C or between B and C (4 choices). 
Thus Z(g)=8. [] 
5.1.4. Lemma. All elements g of order 2 with [Fixg[ =6 are conjugate. I f  g is such 
an element, then Ifol--4 and ~(g)=2304. 
Proof. Since g=(x~)  it is obvious that ]Cal=4. To compute x(g) we apply 
Proposition 4.2.4. Fix g is an octahedron, hence contains 384 spanning trees. The 
quotient graph Q(F,g) has 2 vertices and 6 edges between them, thus it contains 6 
spanning trees. The result follows. [] 
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5.1.5. Lemma. All elements g of order 2 with [Fixg[ =4 belong to two conjugacy 
classes: 
(a) g=(xY)(y-y). Then [Co[ =6 and z(g)= 128. 
(b) g=(xy)(~y). Then ICq[ = 12 and z(g)=96. 
Proof. The values of [C01 are obvious. To compute z(g) we apply Proposition 4.2.4. 
Fix g is a quadrangle, hence contains 4 spanning trees. In both cases, we denote by A i 
and A2 the two orbits of length 2, and X = Fix g. The quotient graphs Q(F, g) have 
the following admittance matrix: 
(a) X A1 A2 (b) X A1 A2 
X -48 -4  -4  X 8 -4  -4  
AI 6 -2  A1 -4  5 -1 
A2 -4  -2  6 A2 -4  -1 5 
Hence the result. [] 
5.1.6. Lemma. I f  g is of order 2 with IFixg[<4 and W o ¢ O, then 
(1 °) F ixg=0;  
(2 °) all such g belong to two conjugacy classes: 
(a) g = (x~)(yy)(wz)(~). Then If01 = 12 and z(g) = 192; 
(b) g=(xy)(~-yy)(wz)(W-~). Then ICo[ = 12 and z(g)=288. 
Proof. (1) If F ixg= {x,~} then Fixg is non connected, contradicting Lemma 3.5. 
(2) If T E Wg, by Lemma 3.5, T contains exactly one invariant edge, so g = (xY,)(yy) 
(w~)(z~) is impossible. Hence g leaves invariant either 2 or 4 edges. 
The values of If01 are obvious. 
To compute z(g) we apply Proposition 4.3.1. We denote by Al, A2, A3 and A4 the 
g-orbits. In case a), A1 and A2 are the two pairs of opposite vertices. The quotient 
graphs Q(F,g) have the following admittance matrices: 
(a) Al A~ -2A2 -2A3 -2A4 (b) A1 A2 A3 A4 
A1 5 -1 -2  -2  
A2 -1 5 -2  -2  A2 -2  6 -2  -2  
- A3 -2  -2  5 -1  A 3 -2  -2  5 1 
A4 -2  -2  -1 5 A n -2  -2  -1 5 
Hence the result. [] 
5.1.7. Proposition. The hypercube admits 261 nonequivalent unfoldings. I 
1 This number was obtained by Tougne [12] using a computer p ogram. 
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Proof. By 3.3.2 we find [Y--] = 82 944 as complexity of the hyperoctahedron, so by 
Proposition 3.1: 
_1 (82 944+ 12 × 16 +24 ×8 +4 ×2304 + 6 × 128 u(F) 
2'.3 
+12 ×96 + 12 × 192 + 12 ×288). [] 
5.2. The hyperoctahedron 
The dual polytope P is the hypercube with 16 vertices, 32 edges, 24 faces and 8 
cells, so any spanning tree of F contains 15 edges. Besides [G[ =27.3. 
5.2.1. Lemma. Let 9 E G and 3-~ ¢ O. Then g & of order 2. 
Proof. (1) Assume 9 of order 3. Then Fix 9~{~- By Lemma 3.8.3, 9 fixes two edges 
[xy] and [xz]. But then the four edges through x are fixed, hence 9 fixes all faces and 
all cells through x. The same reasoning applied to any vertex adjacent to x shows, step 
by step, that 9 is the identity. Hence a contradiction. 
(2) Assume 9 of order 4 and T E ~.  Then T contains at least one invariant edge, 
thus by Lemma 3.8.2., 9 E (rl, r3, r4) = Z2 × $3, which contains no element of order 4. 
(3) By Lemma 3.6, 9 is of order 2. [] 
5.2.2. Lemma. Let 9 be of order 2 and ~ ¢ {0. Then Fix 9 = ff 
Proof. Assume Fix 9 ¢ ~ and let x,~ be in Fix 9- The 4 edges on x cannot be fixed, 
otherwise 9 is the identity, thus 2 edges are fixed and the other two are permuted and 9 
is the symmetry with respect o the face containing these 2 fixed edges. Hence 9 fixes 
exactly 8 vertices (x,~ and 2 vertices at each level 1, 2, 3 of the distance-distribution 
diagram). Fix 9 is a union of two quadrangles, a face on x and a face on ~, hence 
Fix 9 is non connected, contradicting Lemma 3.5. [] 
5.2.3. Lemma. The elements 9 of order 2 such that ~-o ¢ ~) belon9 to two conjugacy 
classes: 
(a) 9 stabilizes an edge e and one face on e and permutes the other two faces 
on e. Then [Cgl =24 and Z(g)=4608. 
(b) g stabilizes an edge e and the three faces on e. Then ICol =4 and Z(g)= 
3072. 
Proof. Let T E ~.  By Lemma 5.2.2, Fix 9 = ~ thus by Lemma 3.5, T contains exactly 
one invariant edge, say e. Then either 9 stabilizes the 3 faces on e, or permutes two 
of them. There are 4 choices for e, 3 choices for the stabilized face and 2 ways of 
permuting the other two faces. Hence the values for ICgl . 
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I A5 
/ A1 A2 I 
~ A3 }- 
A7 
level 0 level 1 level 2 level 3 level 4 
Fig. 2. 
To compute x(g) we apply Proposition 4.3.1. In case (a) g stabilizes 4 edges. We 
denote by A1,A2,A3,A4 the orbits corresponding to these invariant edges. The 8 orbits 
fit into the levels of the distance-distribution diagram as shown in Fig. 2. 
The quotient graph Q(F,g) has the following admittance matrix: 
A1 
A2~ 
4 
AT] 
A 
3 0 -1  
0 3 0 
-1  0 3 
0 -1  0 
-1 - -1  01 
-1  -1  0 
0 0 -1  
A8 
0 -1  -1  0 0 
-1  -1  -1  0 0 
0 0 0 -1  -1  
3 0 0 -1  -1  
0 4 -1  -1  0 
0 -1  4 0 -1  
-1  -1  0 4 -1  
i 4  
Thus z (g )=4 x 1152. 
In case (b), g stabilizes 8 edges. The 8 orbits fit into the levels of the distance- 
distribution diagram as shown in Fig. 3. 
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I ^3 
I A2 
I 
A1 I 
I 
I An 
A6 ] 
- -  hS 
I 
A5 
L A7 I 
level 0 level 1 level 2 level 3 level 4 
Fig. 3. 
The quotient graph Q(F,9) has the following admittance matrix: 
A8 
A1 3 -1 01-1 -1  0 0 0 
A2 -1 3 -1  0 0 -1  0 0 
A3 0 -1  3 -1  0 0 -1  0 
.44-1  0 -1  3 0 0 0 -1  
AsI-1 o 0 0 3 -1  0 -1  
.,4 6 0 --1 0 0!--I 3 --1 0 
i 
A7 0 0 -1  0 0 -1  3 -1  
A8 3 
Q(F, 9) is the l-skeleton of the cube, hence Z(g) = 8 x 384. [] 
5.2.4. Proposition. The hyperoctahedron admits 25(27.33 + 1 + 32) nonequivalent 
unfoldinos. 
Proof. The complexity of the hypercube is 13-1 =219.34  by 3.3.3, hence 
U( / ' )  = ~1 ~ (219"34 -{- 24 X 4608 + 4 X 3072). [] 
z ' - J  
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5.3. The 24-cell 
This polytope is self dual, with 24 vertices, 96 edges, 96 faces and 24 cells. Any 
spanning tree of F has 23 edges and IGI-~27"32. 
5.3.1. Lemma. Let 9 E G be of order 2 and W o ¢ ~. Then 
(a) Fix 9 is a cuboctahedron; 
(b) all such elements 9 are conjugate to rl; 
(c) If01-- 12 and Z(9)=4096 x 8192. 
Proof. (a) Let T E ~.  Then T contains at least one invariant edge, say e. Hence g 
stabilizes one of the three faces on e. But this implies that the third vertex of this face 
is fixed by g and thus Fix g ~ 0. 
Les x, 2 be in Fix g. We now use the distance-distribution diagram. Fix g being 
connected, at least one, thus at least two edges on x are fixed. If g fixes the 8 edges 
on x, any cell in x is fixed and, step by step, g is the identity. Thus exactly 4 vertices 
in level 1 are fixed and g induces in the cube a symmetry with respect o a diagonal 
plane. Since two faces of the cube are invariant, there are two fixed points in level 2. 
This proves IFix g] = 12. Now Fix g is a regular graph of degree 4 on 12 vertices and 
a group argument proves it is isomorphic to the 1-skeleton of the cuboctahedron. 
(b) is clear from the geometric analysis in (a). 
(c) Again by the analysis in (a), we see that the centralizer Cc(9) acts transitively 
on Fix 9- Therefore CG(9) has order 12 × 4 x 2 = 96 and g has 24 × 48 = 12 conjugates. 96 
To compute z(g) we apply Proposition 4.2.4. Fix 9 contains 4096 spanning trees. 
The orbits fit into the levels of the distance-distribution diagram as shown in Fig. 4 
(we do not draw the edges which are in Fix g): 
A straightforward calculation shows that the quotient graph Q(F,9) contains 8192 
spanning trees. [] 
5.3.2. Lemma. Let 9 E G be of order 3 and ~q ~ q). Then 
(a) Fix 9 is a hexagon; 
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Fig. 5. 
(b) all such elements g are conjugate; 
(c) IC~1=32 and z (g)=6 × 12492. 
Proof. (a) Let T C ~.  Then T contains at least one fixed edge so Fix g ~ 0. Let x, 
be in Fix g. The 8 edges on x cannot be fixed by g, otherwise g would be the identity. 
Using the distance-distribution diagram, it is easy to see that g fixes 2 vertices of the 
cube at level 1 and induces in the cube a rotation. 
The 6 octahedra on x are determined by the 6 faces of the cube at level 1, none of 
which is invariant by g. Hence there is no fixed point at level 2, since these vertices 
correspond to the 6 octahedra on x. Thus Fix g is a hexagon. 
(b) Clear. 
(c) To compute Ifgl we consider the normalizer N of (g) in G. Then N acts 
on the hexagon Fix g as the dihedral group D12. Therefore N has order 72 and (g) 
has 16 conjugates in G. To compute x(g) we apply Proposition 4.2.4. Fix g contains 
6 spanning trees. The g-orbits fit into the distance-distribution diagram as shown in 
Fig. 5. The quotient-graph Q(F,g) contains 12492 spanning trees. [] 
5.3.3. Lemma. Let g E G and ~ ¢ ~. Then g is of order 2 or 3. 
Proof. Let T E ~.  If  g is of order 4 or 9, g stabilizes at least one edge of T, thus by 
Lemma 3.8.2, g E (rl,r3,r4) =Zz × $3, hence a contradiction. 
Suppose g is of order 6. If Fix g¢0 ,  by Lemma 3.8.3, gE (r3,r4)=S3 hence a 
contradiction. Thus Fix g = 0. By Lemmas 5.3.1 and 5.3.2, 92 has 6 fixed points, g3 
has 12 fixed points, hence g has 3 orbits of length 2 and 4 orbits of length 3 and 
Lemma 3.7 applies. The result now follows from Lemma 3.6. [] 
5.3.4. Proposition. The number of nonequivalent unfoldings of the 24-cell 
u(F) = 6(219.5688888889 + 347). 
Proofi Straightforward calculation. It is amusing to notice that the number 5688888889 
is a prime. 
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5.4. The 120-cell 
The dual polytope P is the 600-cell, with 120 vertices, 720 edges, 1200 faces and 
600 cells, hence any spanning tree of F contains 119 edges. Besides IGI = 1202. 
5.4.1. Lemma. Let 9 E G and ~q ~ @. Then 9 is of order 2, 5 or 10. 
Proof. Let T E ~q. Assume 9 is of order 3, 22 or 52. Then at least one edge of T is 
invariant by 9, hence by Lemma 3.8.2, 9 C (rl,r3,r4)=Z2 × D10. Thus a contradiction. 
The result now follows from Lemma 3.6. [] 
5.4.2. Lemma. Let 9 E G be of order 2 and ~q ~ @. Then 
(a) Fix 9 is an icosidodecahedron; 
(b) all such elements 9 are conjugate; 
(c) /Cg[ = 60 and Z(9) = 258"319"55"715"535"23113. 
Proof. (a) and (b) Let T C J q. At least one edge e of T is invariant by 9, hence also 
one of the 3 faces on e and thus the third vertex of that face is fixed by y. Hence by 
Lemma 3.8.3, 9 E @3, r4) = Dl0 and 9 is a reflection. 
Let p be a vertex fixed by g. The vertex-figure of p is an icosahedron Ip contained 
in a hyperplane H and 9 induces a reflection 9p on it, fixing 4 vertices and 2 edges. 
In the stabilizer Gp acting on H, all 15 reflections are conjugate under Gp. Therefore, 
all reflections of G are conjugate; in particular, they are conjugate to the reflection 
with respect o the bisector of two antipodal vertices p and ~. Thus there are 60 such 
reflections. 
Counting in two ways the pairs (9, P), where 9P = P, we get 60 × IFix gl = 120 × 15 
hence ]Fix g] =30.  Now Gp =Z 2 × As acts on Fix 9 in a 3-space and the list of 
archimedean solids shows that Fix 9 is an icosidodecahedron. 
(c) To compute [Cy], we notice that the centralizer of g in G is of order 30 × 4 ~: 
2 = 240, and thus ]Cg] = 1202 = 61"] 
240 vv.  
To compute ~(9), we apply Proposition 4.2.4. 
The 1-skeleton of the icosidodecahedron is the line-graph of the dodecahedron. Now 
if R is a regular graph of degree r, with n vertices and m edges, it is known [2, p.19] 
that the number of spanning trees in its line graph L(R) is equal to 
I J (L(R)) I  = 2m-"+lr . . . .  I I ,~(R) I .  
Since ]J-(dodecahedron)] =29-34 .53 ,  n =20,  m =30 and r= 3, we obtain 
lY(  Fix 9)1 = 220313"53. 
To obtain the quotient graph Q(F,g), we use the fact that g is the reflection with 
respect to the equatorial hyperplane (the icosidodecahedron at level 4 in the distance 
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distribution diagram 2). The quotient graph is thus the restriction of F to the levels 0, 1, 
2 and 3, together with one vertex X representing Fix g. It is a graph with 46 vertices, 
its adjacency matrix was obtained with the use of the computer program Cayley. The 
number [Y-(Q(F,O)I is equal to 238.36.52.715.535.23113. [] 
5.4.3. Lemma. Let # E G be of order 5 and Y q ¢ 0. Then 
(a) Fix 9 & a polygon with 10 vertices; 
(b) all such elements 9 fall into two conjugacy classes Co, and Cos; 
(c) ICg, I = Ifg, I = 144; 
(d) Zgl = Zo2 -- 28"54"73'292"2392'39312. 
Proof. (a) Let T C Jg. At least one edge of T is fixed by g, say [xy]. The icosahedron 
1 at level 1 in the distance-distribution diagram is invariant by g, thus g fixes the 
opposite vertex z in 1 and induces in I a rotation of order 5 around the axis yz. The 
distance-distribution diagram shows that each one of these vertices y and z is adjacent 
to exactly one vertex of level 3. So these two vertices also belong to Fix g. Step by 
step, one sees that each of the 4 levels corresponding to the icosahedra contains two 
vertices of Fix g. Together with x and ~, these vertices form a polygon which is a 
connected component of Fix g, hence it is equal to Fix g. 
(b) Let f be another such element. If gp=p and f f=  f ,  there exists h E G 
mapping p onto f and so h(9)h -1 fixes f .  But the stabilizer of f is a subgroup 
of order 120 in which all subgroups of order 5 are conjugate. Hence (9) and (9') are 
conjugate. Since in (9) elements of order 5 belong to two conjugacy classes, the result 
follows. 
(c) The centralizer of 9 in G acts transitively on Fix 9. Counting in two ways the 
pairs (9, P), where 9P = P, and denoting by #9 the number of elements 9 of order 5, 
we get #9 x 10 = 120 x 6 x 4, hence #9 = 72 x 4, which proves (c). 
(d) To compute )~g we use Proposition 4.2.4. 
Fix 9 contains 10 spanning trees. 
To obtain the quotient graph Q(F,9) we notice that 9 induces in each level of 
the distance-distribution diagram a rotation. The orbit-diagram (Fig. 6) is obtained by 
inspection. We draw only levels 0, 1, 2, 3 and 4, the other part of the diagram being 
symmetrical. We obtain 
[ Y(Q(F, g))l = 27.53.73 .292.2392.39312. 
5.4.4. Lemma. Let g C G be of  order 10. Then ~o = 0. 
Proof. Let TEYq and assume Fix9¢(~. Then by Lemma 3.8.3, 9E(r3,r4)=Dlo, a 
contradiction. Thus ~ ~ ~ implies Fix 9 = 0. 
2 The distance distribution diagram of the 600-cell was worked out by Buset [8]. 
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Fig. 6. Orbit-diagram for g of order 5, 600-cell. 
By Lemmas 5.4.2 and 5.4.3, g2 fixes 10 vertices, g5 fixes 30 vertices, hence g has 
orbits of lengths 2, 5 and 10 and Lemma 3.7 applies. 
5.4.5. Proposition. The number of nonequivalent unfoldings of the 120-cell is 
equal to 
u(I') = 27.52.73(2114.378.52°.733 + 247.318.52.712.535.23113 + 2392.39312). 
5.5. The 600-cell 
The dual polytope P is the 120-cell, with 600 vertices, 1200 edges, 720 faces and 
120 cells and so any spanning tree of F contains 599 edges. Besides [G[ ~- 1202. 
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5.5.1. Lemma. Let 9 E G be of order 3 or 5. Then ~ = •. 
Proof. Assume T C Yo. At least one edge of T is fixed by 9, hence by Lemma 3.8.3, 
9 E (r3, r4) = $3 which contains no element of  order 5. 
I f  9 is of order 3, again by Lemma 3.8.3, 9 fixes a vertex x and 2 edges on x. Hence 
the 4 edges on x are fixed. A face on x is uniquely determined by 2 edges on x, hence 
any face on x is 9-invariant. A cell on x is uniquely determined by 3 edges on x, 
thus 9 stabilizes any cell on x. Hence 9 fixes any vertex y adjacent o x and fixes 2 
edges on y. Applying the same reasoning to y, this shows, step by step, that 9 is the 
identity. Hence a contradiction. [] 
5.5.2. Lemma. Let g C G be of order 2. Then ~ = ~. 
Proof. (a) Assume T E ~.  Then at least one edge of T is invariant by 9, hence by 
Lemma 3.8.2, 9 E (rl,r3,r4)=Z2 × $3. The 2-Sylow of this subgroup contains three 
involutions, rl,r3 and rlr3. The elements rl and r2 are conjugate in (rl,r2) and r2 and 
r3 are conjugate in (r2,r3), hence rl and r3 are conjugate and we may consider only 
rl and rlr3. 
(b) Assume 9 = r~, a reflection with respect o a vertex x. Hence 9 fixes at least 2 
edges on x. The reasoning made in Lemma 5.5.1 shows that 9 cannot fix more than 
2 edges on x. Hence one face on x is fixed and is a connected component of Fix 9, 
since on any vertex of  this face there are only 2 fixed edges. But ~ is in Fix 9 and 
does not belong to that face, thus Fix 9 is non connected, contradicting Lemma 3.5. 
(c) Assume 9=rlr3. Then 9 stabilizes a cell C, which is a dodecahedron, and an 
edge e of  C. In C, q induces a half-turn around the line joining the midpoints of 2 
opposite edges. Since e belongs to 3 faces, one of these faces is invariant by 9, hence 
one vertex x of  this face, which is a pentagon, is fixed by 9. Now the subgroup which 
fixes x is $4 and it acts as such on the 4 neighbours of  x. Hence 9 induces on these 
4 vertices an involution without fixed points and thus x is an isolated fixed point. But 
9 also fixes ~ so Fix 9 is non connected, contradicting Lemma 3.5. 
5.5.3. Proposition. The number of nonequivalent unfoldinqs of the 600-cell is 
u(r)  = lYl = 2188.3l°2.52°.736.1148.2348,293°. 
Proof. Immediate consequence of Lemmas 3.6 and 3.3.8. 
5.6. The 3-dimensional icosahedron and dodecahedron 
For the sake of completeness, we check that our method provides the same result 
obtained in [4, 11] by other methods. Since in dimension 3, dual regular convex poly- 
hedra admit the same number of non equivalent unfoldings, it suffices to compute the 
number of  nonequivalent spanning trees of  the 1-skeleton of  the icosahedron. So let P 
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1 
level 0 level 1 level 2 level 3 
Fig. 7. 
be the polyhedron with Coxeter diagram 
0 o "~ o 
Any spanning tree of F has 11 edges and IGI = 120. 
5.6.1. Lemma. Let ~ ~ O. Then g is of order 2 and Fix g = 0. 
Proof. Assume g is of order 3 or 5. Then at least one edge of T E J0  is fixed by g. 
We rephrase Lemma 3.8.3 for 3-dimensional P. Since g fixes a vertex x, it operates 
on the vertex-figure Px which is a pentagon. But g also fixes an edge [xy] hence a 
vertex of  the pentagon and thus g E Z2. A contradiction. Since G contains no element 
of order 4, g must be of order 2. 
Assume g is of  order 2 with Fix g ¢ 0. We use the distance-distribution diagram 
of P. Let x, Y be in Fix g. Only one of the edges on x can be in Fix g, otherwise 
g would be the identity. Hence g fixes only 4 vertices x, Y, y, y and Fix g is non 
connected, contradicting Lemma 3.5. [] 
5.6.2. Lemma. Let g be of order 2 and ~ ~ O. Then all such elements g are conjugate, 
IC,ql = 15 and I•gl = 1440. 
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Proof. By Lemma 5.6.1, Fix 9- -0 hence 9 is a rotation, entirely determined by a pair 
of opposite dges and thus Ifgl = 15. 
To compute I~1 we apply Proposition 4.3.1. There are 2 invariant edges and 4 
orbits which are not edges. These 6 orbits fit into the distance-distribution diagram as 
shown in Fig. 7. 
The quotient graph Q(F, 9) contains 720 spanning trees, hence the result. [] 
5.6.3. Proposition. The number of nonequivalent unfoldings of the icosahedron and 
of the dodecahedron is
1 
u(F)---- 1-~(120 × 43.200 + 15 × 1440)---43 80. 
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Appendix A. Coxeter diagrams 
Tetrahedron 12 0 0 
t~ G t~ 
Cube 
8 12, G 
Octahedron e- 0 ¢3 
6 12. 
Icosahedron 0 O' 3" 0 
tg 30 20 
Dodecahedron 0 3" 0 0 
20 30 t2 
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Hypertetrahedron C ~ C : 
S' to ;0 5 
Hyperoctahedron 0 o C~ 
S 2 ;  32. IG 
Hypercube n ~ o o 
IG 3~. 21~ 8 
24-cell 0 O n 0 
2~ gG 9G 2~. 
t20-cell O ff 0 0 0 
(;oo I Zoo ;r=.o 12o 
600-cell 0 0 0 S 0 
t2.0 7"2O 1200 GO0 
Appendix B. Distance distribution diagrams 
Tetrahedron Cube 
Octahedron Icosahedron 
Dodecahedron Hypertetrahedron 
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Hyperoctahedron Hypercube 
24-cell 
600-cell 
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